
Chapter 16: Line Integrals 

 

Section 1: 
Definition 1: 

A curve in space is a function ( )tr  from a closed interval [ ]ba,  to space by: ( ) ( ) ( ) ( )kji tlthtgtr ++= ,  

bta ≤≤ . 

We shall always assume that ( ) ( ) ( ) ( )kji tlthtgtr '''' ++=  exist and is continuous everywhere in [ ]ba, . 

 

Note: 

The curve of the line segment from A to B where ( )321 ,, aaaA  and ( )321 ,, bbbB  is  

( ) ( )[ ] ( )[ ] ( )[ ]kji 332211 111 tbattbattbattr +−++−++−=  

Definition 2: 

Suppose C : ( ) ( ) ( ) ( )kji tlthtgtr ++=  with bta ≤≤ . 

Given ( )zyxf ,,  a function of 3 variables which is continuous on C. The line integral of f over C is defined as 
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,,lim,,  where ( ) ( )mmm zyxzyx ,,,,.........,, 000  are successive points on C, 

mS∆ is the length of C between ( ) ( ) ,, and ,, 111 mmmmmm zyxzyx −−− , and ( )nSSS ∆∆=∆ ,....,max 1 . 

 

Formula for evaluating line integral: 

Suppose C and f are as above: Then: ( ) ( ) ( ) ( )( ) ( )∫∫ =
b

aC

dttvtlthtgfdSzyxf ,,,,  

Where: ( ) ( )trtv '= . 

 

Note: 

( ) ( ) ( ) ( )kji tlthtgtrC ++=11  :  is a curve in space. ( bta ≤≤ ). 

2C  is a curve in space with the same path (as 
1C ) but in opposite direction. Then ( ) ( )tbartr −+= 12

 

 

Section 2: 
Definition 1:0 

A vector field on an open region D in space is a function ( )zyxF ,,  from D to space given by 

( ) ( ) ( ) ( )kji zyxPzyxNzyxMzyxF ,,,,,,,, ++= . 

We shall always assume that M, N, and P have continuous first order partial derivatives. 

 

Note: 

If ( )zyxf ,,  is a function of three variables with continuous first and second order partial derivatives, then 

kji zyx ffff ++=∇ is a vector field on the interior of Domain f. 

 

Definition 2: 

Suppose D is an open region in space. 

Suppose kji PNMF ++= is a vector field on D. 

Suppose ( ) ( ) ( ) ( )kji tlthtgtrC ++=:  ( bta ≤≤ )  is a curve in D. 



The unit tangent vector to C is defined as 
( )
( )tv

tv
T =  provided ( ) 0≠tv . 

The line integral of F over C is defined as ∫
C

TdSF. . 

If F represents a force, then above integral is called the work integral. In this case, we write work = work done 

by F over C = ∫
C

TdSF. . 

If F represents a velocity field, then above integral is called a flow integral. In this case, we write flow = flow of 

F along C = ∫
C

TdSF. . 

If F represents a velocity field and C is closed ( ) ( )( )brar =  i.e. , then above integral is called a circulation 

integral. In this case, we write circulation = circulation of F around C = ∫
C

TdSF. . 

 

Formula for evaluating line integrals of vector field. 

Suppose F and C are as above. Then: ∫∫ =
b

aC

dt
dt
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FTdSF ..    

 

Notation: 

Suppose kji PNMF ++= is a vector field on some open region D in space. 

Suppose ( ) ( ) ( ) ( )kji tlthtgtrC ++=: with bta ≤≤  is a curve in D, then ∫∫ ++=
CC

PdzNdyMdxTdSF.  

 

Section 3: 
Definition 1: 

Suppose kji PNMF ++= is a vector field on an open region D in space. 

( )zyxf ,,  is a function of three variables which is differentiable everywhere in D. 

If ( ) ( )zyxFzyxf ,,,, =∇  for all points ( )zyx ,,  in D, we say that f is a potential function for F on D. 

 

Definition 2: 

Suppose F is a vector field on an open region D in space. We say that F is conservative if the line integral of F 

is path independent in D. i.e., if A and B are two points in D and 
21 C and C are two curves in D joining A to B, 

then ∫∫ =

21

..
CC

TdSFTdSF . 

 

Theorem 1: Fundamental theorem of line integral (FTLI): 

Suppose kji PNMF ++= is a vector field on an open and connected region in space. 

Then: F is conservative on D ⇔  F has a potential function F on D. 

In this case ( ) ( )AfBfTdSF
C

−=∫ .  for every curve C in D joining A to B. 

 

Definition 3: 

A region D in space is connected if any two points in D can be joined by a curve which lies entirely in D. 

 

Definition 4: 

A region D in space is simply connected if any closed curve in D can be contracted to a point without ever 

leaving D. 



 

Theorem 2: The Curl Test: 

Suppose kji PNMF ++= is a vector field on an open connected, simply connected region D in space. 

Then: F is conservative on D ⇔ 0 Curl =F  
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Definition 5: 

Suppose D is an open region in space. 

A differential form on D is an expression of the form ( ) ( ) ( )dzzyxPdyzyxNdxzyxM ,,,,,, ++ .  

We shall always assume that M, N, and P have continuous first order partial derivatives. 

 

Definition 6: 

( )zyxf ,,  is a function of three variables with continuous first and second order partial derivatives. Then the 

differential of f is the differential form dzfdyfdxf zyx ++ . 

 

Definition 7: 

Suppose D is an open and connected region in space.  

Suppose PdzNdyMdx ++  is a differential form on D. 

Then: If there is a function ( )zyxf ,,  such that PdzNdyMdxdf ++=  we say that the given differential form is 

exact kji PNM ++⇔ is conservative. 

 

Section 4: 
Definition 1: 

( ) ( ) ( )ji yxNyxMyxF ,,, +=  is a vector field on an open region R in the plan. 

Then, the divergence of F is defined as: ( )
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Note: 

If ( ) ( ) ( )ji yxNyxMyxF ,,, += , then kji
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So the k component of Curl F is ( )
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Theorem 1:  

a. Green’s Theorem: Flux Divergence form: 

Suppose ji NMF +=  is a vector field in the plane. 

Suppose C is a simple closed curve in the plane .Simple means, the position vector of the curve is one to one on 

( )ba, . 

Then: flux of F across C = ∫∫
R

FdA div . 



This can be written as ∫∫∫ 
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b. Green’s Theorem: Circulation Curl form: 

Suppose F, C and R are as above. Then: 

Counterclockwise circulation of F around C = ( )( )∫∫
R

dAF k. Curl  

This can be written as: ∫∫∫ 
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